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Abstract 

In the present paper we investigate a semi-group of triangular in¬ 
tegral operators Vg, which is an analogue of the semi-group of the 
fractional integral operators . With the help of these semi-groups, 
we construct and study two classes of triangular Friedrichs models 
and Bp, respectively. Using generalized wave operators we prove 
that Ap and Bp are linearly similar to a self-adjoint operator with 
absolutely continuous spectrum. 
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1 Introduction 

1. In the present paper we investigate the triangular integral operators 



where r( 2 ;) is Euler gamma function. 



( 1 . 2 ) 
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and C stands for the complex plane. We shall show that the operators Vp 
form a semi-gronp, which is an analogne of the semi-gronp of the fractional 
integral operators 

^ (a; - dt, 3?/? > 0, f\x)eL‘^{Q,u). (1.3) 

With the help of the semi-gronps of operators and Vg we constrnct and 
stndy two classes of triangnlar Friedrichs models and Bp, respectively. 
Using generalized wave operators we prove that Ap and Bp are linearly similar 
to a self-adjoint operator with absolntely continnous spectrnm. 

Lemma 1.1 The function Ep{x) is continuous in the domain (0,a;] and 

Proof. It follows from fll.21) that the fnnction Ep{x) is continnons in the 
domain (0,a;] and 

/•i 1 

Epix) = / ——ds-I-0(1). (1.5) 

Jo r(s) 

Using relations 

—^ = s-fO(s^), e ‘^^ = l-|-0(s) (s—)-0), (1.6) 

r(s) 

we obtain 

1 E 

Ep{x) = - /(l + 0(s))e-"l'"(")lds + 0(l). (1.7) 

^ Jo 

Eqnality fll.711 implies the eqnality fll.ip . The lemma is proved. □ 

Proposition 1.2 The operators Vp, defined by formula fll.ip . are bounded 
in all spaces Lp{0,u), p>l. 

Proof. Indeed, according to fll.ip we have (see [H p. 24]) 

This proves the proposition. □ 

The operators Vp have a following important property |inj . 


Ep[x)lV{(3)\dx < oo. (1.8) 
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Theorem 1.3 The operators Vp (3?/9 > 0) defined by formula fll.ip . form a 
semi-group, that is, 

VoMy = 14+/3, >0, 0. (1.9) 

2. We introduce the following integro-differential operator 

Rf = - f f{t)\n{x-t)dt, f{x)eL{0,uj). (1.10) 

Jo 

In the book [9l p. 73] we proved that the operator Vi is a right inverse of R. 


Proposition 1.4 If (3 = 1 and C = —r'(l) then 

RViif = if, g:>'{x)EL{0,uj). (l-H) 

3. By Ha we denote the space of all function such that f{x)EL'^{0,oj) and 
f{x) = 0 when xg[0, a]. It is easy to see that the spaces Ha, 0 < a<uj, are 
invariant subspaces of the operator Vy. 

Definition 1.5 A bounded operator T is unicellular if its lattice of invariant 
subspaces is totally ordered by inclusion. 

Theorem 1.6 The operator Vy, 0 < (3<l, defined by formula fll.ip is uni¬ 
cellular. 

Proof. Let us consider the inner product 

/ OO -| / pu) px \ 

—I ds. 

( 1 . 12 ) 

Assuming that f.g) — 0 we use the set of functions 'ipn(x) — e ^ 
where H 2 n{x) are Hermite polynomials. The set of functions 'finix) is com¬ 
plete in the Hilbert space L^(0, cx)). We note that H 2 n{x) are even poly¬ 
nomials of the degree 2n. Hence, the set of functions y^n{x) = e“® / 2 ^ 2 n jg 
complete in the Hilbert space Lfifi), oo). Changing the variable = u and 
taking into account the formulas fll.121) and [V^f, g) = 0, we have 


i {x — ty ^ f{t) dt g{x) dx = 0, 0 </9<1. (1.13) 

0 
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Relation fll.l3p can be written in the form 



u)g{x) dx du 


0 . 


It follows from fll.l4p that 


(1.14) 


f{x — u)g{x)dx = 0. (1-15) 

By changing the variables x = u — Xi, u = u — Ui we obtain 


f{ui-xi)g{u-xi)dxi = 0. (1.16) 

Using well-known Titchmarsh’s theorem m Theorem 152]) we receive the 
following assertion: if f{x)EHa and f{x)^H^, when 7 > a, then the system 
Vpf is complete in the space H^- This proves the theorem. □ 

Remark 1.7 Using Titchmarsh’s theorem / ^/77l Theorem 152]) it is easy to 
prove that operator /3 > 0, is unicellular. 

2 Triangular integral operators with logarith¬ 
mic type kernels 

1. In the present section we shall consider the operators 

Si,f = l3rf(t)\ln{x-t)U-'— S/3>0. (2.1) 

Jo X t 

in the space L‘^{0,u), 0 < a; < 1. The operator Sp is the main term in 
the expression which dehnes the operator Vp (see fll.ll) . fll.2p i. Thus, by 
investigating the operator Sp we also obtain some properties of the operator 
Vp. The operator Sp is of independent interest as well. Rewrite the operator 
Sp in the following form 

Spf = -^l^ fi^)\ dt, 3fi/3>0. (2.2) 
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We note that the operator S'^ is well-dehned by formula fl 2 . 2 p in the case 
where 3fJ/3>0. Let us introduce the functions (see [S] and m) 

nuj 

s(A)=/ e^*^|ln(t)|”^dt, 3fJ/?>0, (2.3) 

p(jj 

'si{X) = / e^*'^|ln(t)| ^(l —t/a;)dt, 3fJ/5>0. (2.4) 

Jo 


Theorem 2.1 If and 0 < cj < 1, then the following asymptotic rela¬ 

tions are valid: 


—iAs(A) = 

(in A ) ^(1 + 0 ( 1 )) — e''^‘^( — Ina;) A^-± cxo, 

(2.5) 

—iAsi(A) = 

(In A ) ^(1 + 0 ( 1 )), A-)-± cx). 

( 2 . 6 ) 

Proof. According to the Cauchy theorem we have 



/e‘*^( — ln(t)) ^dt = 0 , 

J-f 

(2.7) 


where the curve 7 is depicted by Fig.l. 



Figure 1: Contour of integration 
From fl2.3p and fl2.7p we obtain the equality 

®('^) = / —Int) ^dt— —ln(t)) ^itd(p, t = uje^‘^. (2.8) 

Jo Jo 
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Let us consider the integral 


e‘*^(-lnt) ^dt = 


Xoj 


‘(—Inu+lnA—i 7 r/ 2 ) ^idn/A, 


JO JO 

When A tends to inhnity, equality fl2.9p yields 

—Int) ^dt = —(inA) ^(l + o(l)), A^ + cxo. 
A 

Integrating by parts we estimate the integral 



A > 0. (2.9) 


( 2 . 10 ) 


/2 1 

e‘*'^( — ln(t)) ^hd^? = — — — Incj) ^ + o(l) j, A—)■ + cxo, (2.11) 

where t = A^ + oo. Relations (12.Sh . (I2.inp and (12.lip imply (12. 5 p for 
the case A^-cx). In the same way we deduce fl2.5p for the case A^ — oo. 
Relation fl2.6p follows from fl2.5p and from the equality (see [ 8 ]) 

— iAs'i(A) = —iAs(A) + e‘'^‘^( — Incn) ^ + o(l), A^oo. ( 2 . 12 ) 

The theorem is proved. □ 

Thus, the function —iAT(A) is bounded. Hence, we obtain the following 
assertion (see 0 ). 

Corollary 2.2 If 3fJ/5>0 and 0 < cj < 1, then the operator defined by 
formula ( 12 . 2 p is bounded in the space 

Further we need the following asymptotic relation (see 0): 

+ A^oo. (2.13) 

Using (12. 6 p and (I2.13p we derive two statements below. 

Corollary 2.3 If = 0 and \z\ = 1, then the points z belong to the spec¬ 
trum of the operator Sg. 



Corollary 2.4 If ^/3 = 0, u > 0, 7 = + z/, then in the space L^(0,a;) we 

have 

S^^SjS, z/—)-0 (strong convergence). (2-14) 
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2. Taking into acconnt fll.3p we can reformulate Corollaries 12 .211^"^ for the 
operator 1 /^. 

Corollary 2.5 and 0 < a; < 1, then the operator is bounded in 

the space T^( 0 , cxd). 

Corollary 2.6 If ^(3 = 0 and \z\ = 1, then the points z belong to the spec¬ 
trum of the operator Vg. 

Corollary 2.7 If ^(3 = 0, n > 0 , 7 = /3 + n, then in the space T^(0, 00 ) we 
have 


V-y^Vg, z/—)- 0 , (strong convergence). 


(2.15) 


3. Let us introduce the operator 



(2.16) 


where /(x)gL^(O, a;) and 0 < a; < 1. 

Proposition 2.8 The operator Tg is such that Tg^a2 and Tg^ai. 

Proof. It is obvious that TgEa 2 . In order to prove that Tg^ai we write the 
operator Tg in the form 



(2.17) 


where 


Integrating by parts the right-hand side of the expression 



(2.18) 



(2.19) 


we obtain 



( 2 . 20 ) 


7 




Comparing relations fl2.3p and fl2.2Up . we see that —iAsi(A) for the operator 
Tp is equal to s(A) for the operator Sp. Relations fl2.5p and fl2.2Up imply that 


-.icjA 


+ ^(1))’ A-)-cx). 

It follows from fl2.13p and fl2.2ip that 

OO 

'^\iTplfn,lfn) \ = OO, 


( 2 . 21 ) 


( 2 . 22 ) 


n=l 


where ’^n{x) = 

Next, we use the following result if an operator A is compact in the 
Hilbert space and (pj is an orthonormal system, then 


^ ^ I Vj) I — ^ ^ ^ny 

1 j=l 


(2.23) 


where Sj{A) is the non-decreasing sequence of the eigenvalues of the opera¬ 
tor [AA*)^/"^. The formulated result implies the following statement: if the 
equality 




= OO 


is valid, then = oo. In other words, fl2.22p yields 


E 

i=i 


Sj = oo. 


Hence, the proposition is proved. 


(2.24) 


(2.25) 

□ 


3 Friedrichs model 

Let us consider in the Hilbert space L^(0,a;) the operator 
Aa,gf = VpQVJ, Qf = xf, ?Ra > 0, 
Using relations fll.ip and fll.2p we obtain 


> 0 . 


(3.1) 


Aa,gf= f{u)Uc,^y{x,u)du, 

Jo 


(3.2) 



















where 


•X—U 


(3.3) 


Uc.^[x,u) ^ 


r(a)r(/3) A 

We need the relation (see my- 


Ep{x -u-y){u + y)Eo,{y) dy. 


\x - !/)“-*!/«-' dy = So > 0, Si/3 > 0. (3.4) 


Relations fll.2p and fl3.4p imply that 
1 / 


r(«)r(/3) j, 
1 r 


Efj{x-u- y)uEa{y) dy = 


r(a + /3) 


Ea+0{x-u)u, (3.5) 


r(«)r(/3) J, 


(x — u^cx 

Ep{x -u- y)yE^{y) dy = ^ ^ ^ - u)- (3.6) 


Relations fl3.3p and fl3.5p . fl3.6p imply the following proposition. 
Proposition 3.1 The operator is defined by fl3.2l) . where 
1 (x — u)(y. 

UaA^,^) = - Au + E^+p{x -u). (3.7) 

i (a + /d) i (a + p + 1) 

Using again relations (II.2p and (13.41) we have 


-vpEAy) = 


r(m) r(m + /d) 

Hence, the equality 

lim Vf 


Ao ^ yr(m) 


Em+pix), 3?/d > 0, 3fJm > 0. (3.8) 


(3.9) 


Em{y) ) — p/ ^EmA) 
i (m) 


is valid. 

Remark 3.2 It is easy to see, that the functions EAA form a complete 
system in the Hilbert space L‘^{0,oj), 

Tims, we proved the following statement. 

Proposition 3.3 The operator Vp strongly converges to the identity operator 
I when /3—>• + 0. 
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In view of fl3.ip . fl3.7p and Proposition 13.31 the following theorem is valid. 
Theorem 3.4 Let = 0, 07 ^ 0 , /? = —a. Then the operator 



= V-^QVo 

(3.10) 

has the form 



Aaf = xf{x) 

+ a [ {x -y)Eo{x -y)f{y)dy, /(x)eL^(O, w), 
Jo 

(3.11) 

where 

POO 1 

Eo{x) = e Ms. 

Jo r(s) 

(3.12) 


It follows from (I3.12p that 


xEq(x) = — -r(l + o(l)), X—)-0. (3.13) 

I lnx| 

Let us formulate the analogue of the Theorem 13.41 tp Ch. 3, Section 4]). 
Theorem 3.5 Let = 0, 07 ^ 0 . Then the operator 

Bo. = J-^QJa (3.14) 


has the form 

Bo.f = xf{x) + a [ f{y)dy, /(x)eL^(O,w). (3.15) 

Jo 

We note, that the operators Aa and Ba are partial cases of the Friedrichs 
model [ 2 ]. 


4 Generalized wave operators 

1 . Let us introduce the notion of the generalized wave operators my 

Definition 4.1 Let the operators A and Aq act in the Hilbert space H, where 
the operator Aq is self-adjoint with absolutely continuous spectrum. We as¬ 
sume that there exists a unitary operator function Wo{t) satisfying the fol¬ 
lowing conditions: 
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1. The limits in the sense of strong convergence 


W±{A,Ao)= lim (4.1) 


exist. 


2 . 

lim WQ\t + r)lVo(t) = I- (4.2) 

t—>-±oo 

3. The commutations relations hold for arbitrary values t and r: 

Wo{t)Ao = AoWoit), Wo{t)Wo{t + r) = Wo{t + T)Wo{t). (4.3) 

The operators W±{A,Aq) are named generalized wave operators. 

IfWo{t) = I then the operators W±{A,Aq) are usual wave operators. 

The formulated notions of wave operators and generalized wave operators 
are correct and useful not only for self-adjoint operators A, but for non-self- 
adjoint operators A too. 

Definition 4.2 The spectrum of non-self-adjoint operator A is absolutely 
continuous if the operator A can be represented in the form 

A = (4.4) 

where the operators V and V~^ are bounded and the operator A^ is self-adjoint 
with absolutely continuous spectrum. 

Proposition 4.3 Let conditions fl4.ip - fl4.3p be fulfilled. Then 

iT±(A, Ao)e‘^°* = e‘^‘iT±(A, Aq) (4.5) 

Proof. As in the of self-adjoint case we use the relation 

iT±(A,Ao)= lim + s)). (4.6) 

t->-±oo ' ' 

The second relation of fl4.3p and fl4.6p imply 

iT±(A, Ao) = e'^W±(A, Ao)e-'^°^ (4.7) 

This proves the proposition. □ 
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Example 4.4 Let us consider the operator Aa, where 3fJa = 0, 07 ^ 0 , and 
the operator Aq = Q (see Theorem\d.4^- 


According to equality (13.1 Oh the operator Aa has absolutely continuous spec¬ 
trum. The following statement is valid. 

Proposition 4.5 We assume that 

lTo(t) = (ln-“|t|)/. (4.8) 

We have 

W±{Aa,Q) = V-\ (4.9) 

Proof. Relations fl4.2p and fl4.3p are fulhlled. Now, we write the equality 

^ v-^P^Wae-'^*Wo{t)P^P (4.10) 

Using fl2.6p . fl2.13p . fl4.2p we obtain fl4.9p . The proposition is proved. □ 

Example 4.6 Let us consider the operator Ba, where 3fJa; = 0, 07 ^ 0 , and 
the operator Aq = Q (see Theorem \3. 5\) . 

According to equality fl3.14p the operator Ba has absolutely continuous spec¬ 
trum. The following statement is valid. 

Proposition 4.7 Assume that 

M'o(«) = (W-“)r (4.11) 

Then we have 

W^{Ba, Q) = J-“. (4.12) 

Proof. Relations (14.21) and (14.3p are fulhlled. For the operator J“ (3fJa = 0, 
07 ^ 0 ) the following relation 

- iA^i(A) = |A|-“(1 + o(l))e±(^"^/ 2 )^ A^ ± cx) (4.13) 

holds (see |H1 formula (22)]). Now, we write the equality 

Hence, using (I2.13p . (I4.13P and (14.2p we obtain (I4.12p . The proposition is 
proved. □ 


12 
























References 


[1] H. Bateman and A. Erdelyi, Higher transcendental functions, I, New 
York-London, Me Graw-Hill Book Company, 1953. 

[2] L.D. Faddeev, On a model of Friedrichs in the theory of perturbations 
of the continuous spectrum, Amer. Math. Soc. Transl. (2) 62, 177-203, 
1967. 

[3] Ky Fan, Maximum properties and inequalities for the eigenvalues of com¬ 
pletely continuous operators, Proc. Nat. Acad. Sci. USA 37:11 (1951), 
760-766. 

[4] I. Gohberg and M.G. Krein, Theory and applications of Volterra opera¬ 
tors in Hilbert space, Amer. Math. Soc., Providence, 1970. 

[5] E. Hille and R. Phillips, Functional analysis and semigroups, Amer. 
Math. Soc., Providence, 1957. 

[6] A.I. Markushevich, Theory of functions of a complex variable, 3, AMS 
Chelsea Publishing, 1977 (translated from Russian). 

[7] L.A. Sakhnovich, Dissipative operators with absolutely continuous spec¬ 
trum, Trans. Mosc. Math. Soc. 19 (1968), 233-297. 

[8] L.A. Sakhnovich, Triangular integro-differential operators with differ¬ 
ence kernels. Sib. Math. Journ. 19:4 (1978), 871-877 (Russian). 

[9] L.A. Sakhnovich, Integral equations with difference kernels on finite in¬ 
tervals, 1st edition. Operator Theory Adv. Apph, vol. 84, Birkhauser, 
Basel-Boston-Berlin, 1996. 

[10] L.A. Sakhnovich, On the notion and important classes of (S-hN)- 
triangular operators, arXiv: 1501.02831, 

[11] E.C. Titchmarsh, Introduction to the theory of Fourier integrals, Ox¬ 
ford, 1937. 


13 


